Abstract. We work with the numerical solution of the turbulent compressible gas flow, and we focus on the numerical solution of these equations, and on the boundary conditions. In this work we focus on the inlet and outlet boundary condition with the preference of given mass flow. Usually, the boundary problem is being linearized, or roughly approximated. The inaccuracies implied by these simplifications may be small, but it has a huge impact on the solution in the whole studied area, especially for the non-stationary flow. The boundary condition with the preference of mass flow is sometimes being implemented with the use of some iterative process, guessing the correct values (for the pressure, density, velocity) in order to match the given mass flow through the boundary. In our approach we try to be as exact as possible, using our own original procedures. We follow the exact solution of the initial-value problem for the system of hyperbolic partial differential equations. This complicated problem is modified at the close vicinity of boundary, where the conservation laws are supplied with the additional boundary conditions. We complement the boundary problem suitably, and we show the analysis of the resulting uniquely-solvable modified Riemann problem. The resulting algorithm was coded and used within our own developed code for the solution of the compressible gas flow (the Euler, NS, and RANS equations). The examples show good behaviour of the analyzed boundary conditions.
INTRODUCTION
The physical theory of the compressible fluid motion is based on the principles of conservation laws of mass, momentum, and energy. The mathematical equations describing these fundamental conservation laws form a system of partial differential equations. We focus on the numerical solution of these equations. We choose the well-known finite volume method to discretize the analytical problem, represented by the system of the equations in generalized (integral) form. To apply this method we split the area of the interest into the elements, and we construct a piecewise constant solution in time. The crucial problem of this method lies in the evaluation of the so-called fluxes through the edges/faces of the particular elements. We use the analysis of the exact solution of the Riemann problem for the discretization of the fluxes through the boundary edges/faces. We use own algorithms for the solution of the boundary problem, and we use it in the numerical examples.
THE RIEMANN PROBLEM FOR THE EULER EQUATIONS
For many numerical methods dealing with the two or three dimensional equations, describing the compressible flow, it is useful to solve the Riemann problem for the 3D split Euler equations. We search the solution of the system of partial differential equations in time t and space (x, y, z) 
equipped with the initial conditions
(x, t) = R , v(x, t) = v R , p(x, t) = p R , x > 0.
Vector v = (u, v, w) denotes the velocity, density, p pressure, E = e + |v| 2 is the total energy, with e denoting the specific internal energy. We assume the equation of state for the calorically ideal gas e = p (γ − 1)
.
'Split' means here that we still have 5 equations in 3D, but the dependence on y, z (space coordinates) is neglected, and we deal with the system for one space variable x. The system (1) is considered in the set Q ∞ = (−∞, ∞) × (0, +∞). The solution of this problem is fundamentally the same as the solution of the Riemann problem for the 1D Euler equations, see [3, page 138] . In fact, the solution for the pressure, the first component of the velocity, and the density is exactly the same as in one-dimensional case. It is a characteristic feature of the hyperbolic equations, that there is a possible raise of discontinuities in solutions, even in the case when the initial conditions are smooth, see [5, page 390] . Here the concept of the classical solution is too restrictive, and therefore we seek a weak solution of this problem. To distinguish physically admissible solutions from nonphysical ones, entropy condition must be introduced, see [5, page 396] . By the solution of the problem (1), (2) , (3) we mean the weak entropy solution of this problem in Q ∞ . The analysis to the solution of this problem can be found in many books, i.e. [3] , [5] , [6] .
Further we are concerned with the one-dimensional Euler equations.
with notation q = ( , u, E) T , f (q) = ( u, u 2 + p, (E + p)u) T . We assume equation of state for ideal gas holds
u denotes velocity, density, p pressure. E denotes total energy. The system is hyperbolic. The Riemann problem for hyperbolic system (4) consists in finding its entropy weak solution in Q ∞ , which satisfies the initial condition formed by two known constant states
The physical analogue to this problem is so-called shock-tube problem.
The general theorem on the solvability of the Riemann problem can be found in [3, page 88 ]. The solution q = q(x, t) of Riemann problem (4), (5) , (6) is piecewise smooth and its general form can be seen from figure 1, where a system of half lines is drawn. These half lines define Figure 1 : Structure of the solution of the Riemann problem (4),(5), (6) regions, where q is either constant or smooth. Let us define the open sets called wedges (see figure 1) :
Exact solution of the Riemann problem has three waves. The wedges Ω L and Ω L are separated by left wave (either 1-shock wave, or 1-rarefaction wave). There is a contact discontinuity in between regions Ω L and Ω R . Wedges Ω R and Ω R are separated by right wave (either 3-shock wave, or 3-rarefaction wave). There are four possible wave patterns in the solution.
• Contact Discontinuity Pressure p and velocity u don't change across contact discontinuity, which separates Ω L and Ω R region in general, and moving at speed u
In general, there is a discontinuity in density across half line
It is clear, that there must be a jump in temperature, if there is a jump in density, but not in pressure. There is also a jump in entropy. Contact discontinuity is sometimes called entropy wave. In reality, contact discontinuities are smeared out due to diffusive effects, which are neglected and not included in hyperbolic system (4).
It is more convenient to use the vector of primitive variables rather then the vector of conservative variables in solving the Riemann problem. Using the theory in [3] , [5] , [6] , we can write the solution for the primitive variables as
Here we show the equations for the primitive variables in Ω L ∪ Ω HT L ∪ Ω L . For the solution of the whole system see [3] .
• 1-shock wave One of the possible wave patterns connecting Ω L and Ω L is a shock wave. Region Ω HT L degenerates into single half-line. Primitive variables , u, p "jump" accross this wave. It is u < u L , p > p L . Inviscid shock jump relations can be derived, we call them RankineHugoniot relations. These leads us to following relations across the 1-shock wave (see 2,
s 1 denotes speed of the 1-shock wave. Half line x t = s 1 shapes the boundary between Ω L and Ω L . It can be shown (see [2] ), that (7) can be rewritten in the form
where
and u < u L .
• 1-rarefaction wave Another possible left wave pattern is rarefaction wave. It forms Ω HT L region.Variables changes smoothly within this wave. Across the 1-rarefaction wave
Following equations are true.
Here
is the speed of sound in the Ω L . s T L is speed of the tail of the 1-rarefaction wave. Speed of the head of the rarefaction wave can be expressed
Half line
State variables in Ω HT L changes continuously, and can be expressed using equations (see [3] , (3.1.97), page 118.)
We combine both possibilities (10), (16) and we get equation for pressure p using values
Combining (8) and (13) we get equation for density L and pressure p
Let us denote s L? the "wave speed" as follows:
In case of 1-shock wave it denotes s 1 wave speed, in the case of 1-rarefaction wave it is the speed of the tail of the wave s T L . We combine (9) and (14) to obtain relation between s L? and p :
There are four unknowns in Ω L to resolve in order to get the solution across left wave and the position of this wave. Relations of these unknowns L , p , u and the wave speed s L? to left state variables L , u L , p L are given by three equations (20), (21) (20), (21), (22). There is a jump in density across contact discontinuity. This brings another unknown R to unknowns L , p , u ,s L? . We have to add two properly chosen equations into this system of equations in order to get uniquely solvable system for 5
OUTLET BOUNDARY CONDITION BY THE PREFERENCE OF MASS FLOW
In this section, we attempt to solve the incomplete modified Riemann problem for the Euler equations (4), (5), seeking the solution in the general form of the Riemann problem solution, consisting of 4 constant states separated by 3 waves. Variables L , u L , p L are known from the initial condition, also the speed of sound a L is known. We add the boundary condition for the mass flow in Ω L given as
where G ≥ 0 is given constant (G = massf low f ace area ). Here u , R denotes unknown parts of the solution in the region Ω R . Velocity u(x, t) and density (x, t) are constant in this region, as was mentioned in 2. We are interested in the solution with u > 0, and s L? < 0, which guarantees the possibility of the values to be prescribed at the boundary. In general, there are two possibilities of the wave pattern, which may interest us.
• 1-shock wave
Here, we are interested in the solution with s 1 < 0, u > 0. Let us construct the function F S (u), using the relations (20),(8)
The sought velocity u is the root of this function
The iterative process can be used to compute the solution for the velocity u to any desired accuracy. The problem has a solution with the 1-shock wave if F S (min{u L , u X }) > 0. Knowing the velocity u , we use the relations shown above in (24) to compute the pressure p and the density L .
Remark 1.
Similarly to (24), it is possible to construct the function for the pressure. Let us use the Rankine-Hugoniot conditions across the 1-shock wave
We construct the function with the use of (8), (9) 
We are interested in the solutions with s 1 (p) < 0, which is satisfied
The first derivative is then
The function for the pressure is shown at right.
• 1-rarefaction wave Let us assume the solution with the 1-rarefaction wave. From (12),(13),(23) it is
The velocity u is the root of the function
is zero at the points
The maximum of the function F R is at the point u 0 . We are interested in the solution with s T L < 0. This is satisfied only fo u < u 0 .
The problem has a solution with the 1-rarefaction wave, if u L < u 0 and F R (u L ) ≤ 0 and F R (u 0 ) ≥ 0. It is possible to compute the value u to any desired accuracy using the iterative method. With the velocity u known, we may use the relations (16), and (13). It is
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Algorithm 1D
Here we present the possible algorithm for the solution of the state values U, P, R at the boundary.
I n p u t : G . . . massflow state inside the boundary element (as a limit to the boundary face)
state values at the boundary R . . . density , U . . . velocity , P . . . pressure
(25) . Use (16), (13). end e n d i f end end

Algorithm 3D
Here we present the possible algorithm for the solution of the state values at the boundary in 3D.
I n p u t :
G . . . massflow n . . . unit outer normal to the face, state inside the boundary element (as a limit to the boundary face)
state values at the boundary R . . . density V = (V 1 , V 2 , V 3 ) . . . velocity in global coordinate system P . . . pressure A l g o r i t h m :
INLET BOUNDARY CONDITION BY THE PREFERENCE OF MASS FLOW AND TOTAL TEMPERATURE
In this section, we analyze the incomplete modified Riemann problem for the Euler equations (4), (5) , seeking the solution in the general form of the Riemann problem solution, consisting of 4 constant states separated by 3 waves. Variables L , u L , p L are known from the initial condition, also the speed of sound a L is known. We add the complementary condition for the mass flow and the total temperature in Ω R given as
, with u > − 2a
where G ≤ 0 is given constant (G = massf low f ace area ). Here u , R denotes unknown parts of the solution in the region Ω R . Further θ 0 is the prescribed total temperature, and a 2 0 = γRθ 0 , with γ and R being gas constants. We are interested in the solution with u < 0 (inlet boundary condition), then the computed values can be prescribed at the boundary. In general, there are two possibilities of the wave pattern, which may interest us.
Let us use the equation of state in the Ω R , giving
where p is the unknown pressure in the Ω R . The equation (20), introduced in section 2, can be used for this pressure. Now equation (26) can be written as
where p , θ R satisfy (20), (27). We seek the unknown velocity u as a root of the function
The first derivatives of these functions are θ (u) = −θ 0
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Remark.
The equation (26) can be written as
Now we may use (20), and seek the velocity u as a root of the function
The first derivative is 
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Algorithm 1D
Here we present the algorithm for the solution of the state values U, P, R at the boundary.
I n p u t : G . . . massflow θ 0 . . . total temperature state inside the boundary element (as a limit to the boundary face)
state values at the boundary R . . . density , U . . . velocity , P . . . pressure A l g o r i t h m :
a L < A ) t h e n ERROR, NO SOLUTION. bad input data -low temperture at the inlet e l s e
e n d i f u s e (26), (20) : R = G /u , P = p(u ). e n d i f Algorithm 3D + massflow + total temperature + tangential velocity
Here we present the possible algorithm for the solution of the state values at the boundary face in 3D.
G . . . massflow θ 0 . . . total temperature n . . . unit outer normal to the face, o, p are tangential directions (| o| = 1, p = n × o) v t , w t . . . tangential velocity components, v t in the direction o, w t in the direction p state inside the boundary element (as a limit to the boundary face)
The developed software with presented boundary conditions was used for the simulation of the compressible turbulent flow in the 3D axis-symmetrical channel. Axis x is the axis of symmetry. At the geometry crosscut shown in figure 11., the inlet is located at the upper part of the boundary, the outlet is located left. We used the following setup in the computation:
• initial condition -constant state in the whole domain,
• inlet boundary condition -total quantities and velocity direction The boundary condition conserving the total pressure, total temperature, and zero tangential velocity, with θ o = 288.15, p o = 101325.
• outlet boundary condition (left) -preference of the mass flow The boundary condition shown in Section 3, was used, with G = 4.301 in average. At each face, the value G was computed (in each iteration) in order to match the average (across the whole boundary).
• walls -wall boundary condition The boundary condition preffering the zero normal velocity was used in the case of the inviscid flow. For the viscous flow, this condition was modified by the zero velocity at the wall, and wall temperature θ W ALL = 288.15 was set. Another example with for different setup was computed, x is the axis of symmetry. At the geometry crosscut shown at figure 12., the inlet is located at the upper part of the boundary, the outlet is located left. We used the following setup for the computation:
• initial condition -constant state in the whole domain, • inlet boundary condition -total quantities and velocity direction The boundary condition conserving the total pressure, total temperature, and zero tangential velocity, with θ o = 273.15, p o = 101325.
• outlet boundary condition (right) -preference of the mass flow The boundary condition shown in Section 3, was used, with G = 4.0 in average. At each face, the value G was computed (in each iteration) in order to match the average (across the whole boundary).
• walls -wall boundary condition The boundary condition preffering the zero normal velocity was used in the case of the inviscid flow. For the viscous flow, this condition was modified by the zero velocity at the wall, and wall temperature θ W ALL = 273.15 was set. The following example demonstrates the capabilities of the new boundary condition in the use with the unstationary gas flow. Here x is the axis of symmetry. At the geometry crosscut shown at figure 14., the inlet is located at the left part of the boundary, the outlet points away from axis x.
We used the following setup for the simulation:
• initial condition -constant state in the whole domain, • inlet boundary condition -total quantities and velocity direction The boundary condition conserving the total pressure, total temperature, and zero tangential velocity, with θ o = 875.00, p o = 101905.
• outlet boundary condition (right) -preference of the mass flow The boundary condition shown in Section 3, was used, with G = 0.75 in average. At each face, the value G was computed (in each iteration) in order to match the average (across the whole boundary).
• walls -wall boundary condition The boundary condition preffering the zero normal velocity was used in the case of the inviscid flow. For the viscous flow, this condition was modified by the zero velocity at the wall, and wall temperature θ W ALL = 875.00 was set. The computational mesh in 2D crosscut consisted of 89x87 quadrilaterals.
CONCLUSIONS
In this paper we worked with the system of equations describing the copressible gas flow in 3D. The so-called Riemann problem for the 3D split Euler equations was analyzed, together with the algorithms for the solution of the boundary problems by the preference of mass flow. The suggested algorithms were encoded into own-developed software for the solution of the compressible gas flow. Numerical examples show the use of these original boudary conditions.
